HYPERCONTRACTIVITY FOR GLOBAL FUNCTIONS AND SHARP
THRESHOLDS
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ABsTrACT. The classical hypercontractive inequality for the noise operator on the discrete cube
plays a crucial role in many of the fundamental results in the Analysis of Boolean functions, such
as the KKL (Kahn-Kalai-Linial) theorem, Friedgut’s junta theorem and the invariance principle of
Mossel, O’Donnell and Oleszkiewicz. In these results the cube is equipped with the uniform (1/2-
biased) measure, but it is desirable, particularly for applications to the theory of sharp thresholds,
to also obtain such results for general p-biased measures. However, simple examples show that when
p is small there is no hypercontractive inequality that is strong enough for such applications.

In this paper, we establish an effective hypercontractivity inequality for general p that applies to
‘global functions’, i.e. functions that are not significantly affected by a restriction of a small set of
coordinates. This class of functions appears naturally, e.g. in Bourgain’s sharp threshold theorem,
which states that such functions exhibit a sharp threshold. We demonstrate the power of our tool by
strengthening Bourgain’s theorem, thereby making progress on a conjecture of Kahn and Kalai. An
additional application of our hypercontractivity theorem, is a p-biased analog of the seminal invariance
principle of Mossel, O’Donnell, and Oleszkiewicz. In a companion paper, we give applications to the
solution of two open problems in Extremal Combinatorics.

1. INTRODUCTION

The field of analysis of Boolean functions is centered around the study of functions on the discrete
cube {0,1}", via their Fourier—Walsh expansion, often using the classical hypercontractive inequality
for the noise operator, obtained independently by Bonami [10], Gross [24] and Beckner [4]. In particu-
lar, the fundamental KKL theorem of Kahn, Kalai and Linial [29] applies hypercontractivity to obtain
structural information on Boolean valued functions with small ‘total influence’ / ‘edge boundary’ (see
Section 1.2); such functions cannot be ‘global’: they must have a co-ordinate with large influence.

The theory of sharp thresholds is closely connected (see Section 1.3) to the structure of Boolean
functions of small total influence, not only in the KKL setting of uniform measure on the cube, but
also in the general p-biased setting. However, we will see below that the hypercontractivity theorem
is ineffective for small p. This led Friedgut [20], Bourgain [20, appendix]|, and Hatami [25] to develop
new ideas for proving p-biased analogs of the KKL theorem. The theme of these works can be roughly
summarised by the statement: an effective analog of the KKL theorem holds for a certain class of
‘global’ functions. However, these theorems were incomplete in two important respects:

e Sharpness: Unlike the KKL theorem, they are not sharp up to constant factors.
o Applicability: They are only effective in the ‘dense setting’ when p,(f) is bounded away from 0
and 1, whereas the ‘sparse setting’ ,(f) = o(1) is needed for many important open problems.

In particular, a sparse analogue of the KKL theorem is a key missing ingredient in a strategy of Kahn
and Kalai [28] for settling their well-known conjecture relating critical probabilities to expectation
thresholds.

Main result. The fundamental new contribution of this paper is a hypercontractive theorem for
functions that are ‘global’ (in a sense made precise below). This has many applications, of which the
most significant are as follows.
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Fellowship (DM).
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o We strengthen Bourgain’s Theorem by obtaining an analogue of the KKL theorem that is both
quantitively tight and applicable in the sparse regime.

e We obtain a sharp threshold result for global monotone functions in the spirit of the Kahn-
Kalai conjecture, bounding the ratio between the critical probability (where ,(f) = 3) and
the smallest p for which p,(f) is non-negligible.

e We obtain a p-biased generalisation of the seminal invariance principle of Mossel, O’Donnell
and Oleszkiewicz [46] (itself a generalisation of the Berry-Esseen theorem from linear functions
to polynomials of bounded degree), thus opening the door to p-biased versions of its many
striking applications in Hardness of Approximation and Social Choice Theory (see O’Donnell
[47, Section 11.5]) and Extremal Combinatorics (see Dinur-Friedgut—Regev [14]).

1.1. Hypercontractivity of global functions. Before formally stating our main theorem, we start
by recalling (the p-biased version of) the classical hypercontractive inequality. Let' p € (0,4]. For
r > 1 we write || - ||, (suppressing p from our notation) for the norm on L"({0,1}", 11p).

Definition 1.1 (Noise operator). For € {0,1}" we define the p-correlated distribution N,(z) on
{0,1}": a sample y ~ N,(z) is obtained by, independently for each i setting y; = x; with probability
p, or otherwise (with probability 1 — p) we resample y; with P(y; = 1) = p. We define the noise
operator T, on L?({0,1}", u,) by

T, (f) (@) = Eyon, @) [f ()]

Holder’s inequality gives || f|l- < ||f||ls whenever r < s. The hypercontractivity theorem gives an
inequality in the other direction after applying noise to f; for example, for p =1/2, r =2 and s =4
we have

[T flla < [If]l2
for any p < % A similar inequality also holds when p = o(1), but the correlation p has to be
so small that it is not useful in applications; e.g. if f(z) = z1 (the ‘dictator’ or ‘half cube’), then

1£ll2 = V/ip(f) = /b and T, f () = Eyun, @y¥1 = p1 + (L= p)p, 50 | Ty flla > (Elp*at])/* = pp/*.
Thus we need p = O(pl/ %) to obtain any hypercontractive inequality for general f.

Local and global functions. To resolve this issue, we note that the tight examples for the hypercon-
tractive inequality are local, in the sense that a small number of coordinates can significantly influence
the output of the function. On the other hand, many functions of interest are global, in the sense that
a small number of coordinates can change the output of the function only with a negligible probability;
such global functions appear naturally in Random Graph Theory [2], Theoretical Computer Science
[20] and Number Theory [21]. Our hypercontractive inequality will show that constant noise suffices
for functions that are global in a sense captured by generalised influences, which we will now define.
Let f: {0,1}" — R. For S C [n] and € {0,1}°, we write fs_,, for the function obtained from
f by restricting the coordinates of S according to x (if S = {i} is a singleton we simplify notation to
fi—sz). We write |x| for the number of ones in x. For i € [n], the ith influence is I;(f) = || fi1 — fioll3,
where the norm is with respect to the implicit measure p,. In general, we define the influence with
respect to any S C [n] by sequentially applying the operators f +— f;,1 — fio for all i € S, as follows.

Definition 1.2. For f: {0,1}" — R and S C [n] we let (suppressing p in the notation)
2
(=5, (X 0 p) .
z€{0,1}°
We say f has (3-small generalised influences if Is(f) < 8 E[f?] for all S C [n].

The reader familiar with the KKL theorem and the invariance principle may wonder why it is
necessary to introduce generalised influences rather than only considering influences (of singletons).
The reason is that under the uniform measure the properties of having small influences or small

LThe case where p> % is similar.
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generalised influences are qualitatively equivalent, but this is no longer true in the p-biased setting for

small p (consider f(z) = ngiiz::i:\l)

We are now ready to state our main theorem, which shows that global® functions are hyper-
contractive for a noise operator with a constant rate. Moreover, our result applies to general L"
norms and product spaces (see Section 3), but for simplicity here we just highlight the case of (4, 2)-
hypercontractivity in the cube.

Theorem 1.3. Let p € (0,3]. Suppose f € L*({0,1}",p,) has 3-small generalised influences (for
p). Then ||Ty5flls < B4 f]2.

We now move on to demonstrate the power of global hypercontractivity in the contexts of isoperime-
try, noise sensitivity, sharp thresholds, and invariance. We emphasise that Theorem 1.3 is the only
new ingredient required for these applications, so we expect that it will have many further applications
to generalising results proved via usual hypercontractivity on the cube with uniform measure.

1.2. Isoperimetry and influence. Stability of isoperimetric problems is a prominent open problem
at the interface of Geometry, Analysis and Combinatorics. This meta-problem is to characterise sets
whose boundary is close to the minimum possible given their volume; there are many specific problems
obtained by giving this a precise meaning. Such results in Geometry were obtained for the classical
setting of Euclidean Space by Fusco, Maggi and Pratelli [23] and for Gaussian Space by Mossel and
Neeman [45].

The relevant setting for our paper is that of the cube {0,1}", endowed with the p-biased measure
tp. We refer to this problem as the (p-biased) edge-isoperimetric stability problem. We identify any
subset of {0, 1}" with its characteristic Boolean function f : {0,1}" — {0, 1}, and define its ‘boundary’
as the (total) influence?

T p

1[f]=> T[f], where each I; [f] = Pr [f(m@e;) # f (2)],
i=1

i.e. the ith influence 1; [f] of f is the probability that f depends on bit i at a random input according
to pp. (The notion of influence for real-valued functions, given in Section 1.1, coincides with this
notion for Boolean-valued functions). When p = 1/2 the total influence corresponds to the classical
combinatorial notion of edge-boundary*.

The KKL theorem of Kahn, Kalai and Linial [29] concerns the structure of functions f : {0,1}" —
{0,1}, considering the cube under the uniform measure, with variance bounded away from 0 and 1
and with total influence is upper bounded by some number K. It states that f has a coordinate with
influence at least e~©(%). The tribes example of Ben-Or and Linial [5] shows that this is sharp.

p-biased versions. The p-biased edge-isoperimetric stability problem is somewhat understood in the
dense regime (where p, (f) is bounded away from 0 and 1) especially for Boolean functions f that
are monotone (satisfy f (z) < f (y) whenever all x; < y;). Roughly speaking, most edge-isoperimetric
stability results in the dense regime say that Boolean functions of small influence have some ‘local’
behaviour (see the seminal works of Friedgut-Kalai [22], Friedgut [19, 20], Bourgain [20, Appendix],
and Hatami [25]). In particular, Bourgain (see also [47, Chapter 10]) showed that for any monotone
Boolean function f with pu, (f) bounded away from 0 and 1 and pI[f] < K there is a set J of

O (K) coordinates such that p, (fr—1) > pp (f) + ¢~O(K?) | This result is often interpreted as ‘almost
isoperimetric (dense) subsets of the p-biased cube must be local’ or on the contrapositive as ‘global

2Stric‘cly speaking, our assumption is stronger than the most natural notion of global functions: we require all
generalised influences to be small, whereas a function should be considered global if it has small generalised influences
Is(f) for small sets S. However, in practice, the hypercontractivity Theorem is typically applied to low-degree truncations
of Boolean functions (see Section 3.1) , when there is no difference between these notions, as Is(f) = 0 for large S.

3Everything depends on p, which we fix and suppress in our notation.

4For the vertex boundary, stability results showing that approximately isoperimetric sets are close to Hamming balls
were obtained independently by Keevash and Long [32] and by Przykucki and Roberts [48].
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functions have large total influence’. Indeed, if a restriction of a small set of coordinates can significantly
boost the p-biased measure of a function, then this intuitively means that it is of a local nature.

For monotone functions, the conclusion in Bourgain’s theorem is equivalent (see Section 4) to having
some set J of size O(K) with I; (f) > e=O(K%) Thus Bourgain’s theorem can be viewed as a p-biased
analog of the KKL theorem, where influences are replaced by generalised influences. However, unlike
the KKL Theorem, Bourgain’s result is not sharp, and the anti-tribes example of Ben-Or and Linial
only shows that the K2 term in the exponent cannot drop below K.

As a first application of our hypercontractivity theorem we replace the term e~ (% *) by the term
e~ 9 which is sharp by Ben-Or and Linial’s example, see Section 4.

Theorem 1.4. Let p € ((), %], and let f: {0,1}" — {0,1} be a monotone Boolean function with

tp (f) bounded away from 0 and 1 and I[f] < % Then there is a set J of O (K) coordinates such that
pp (fr—1) > pp (f) + em O,

For general functions we prove a similar result, where the conclusion u, (f;-1) > pp (f) +
is replaced with Iy (f) > e~ OK),

e—O(K)

The sparse regime. On the other hand, the sparse regime (where we allow any value of y,(f)) seemed
out of reach of previous methods in the literature. Here Russo [49], and independently Kahn and Kalai
[28], gave a proof of the p-biased isoperimetric inequality: pI[f] > 1, (f)log, (11, (f)) for every f. They
also showed that equality holds only for the monotone sub-cubes. Kahn and Kalai posed the problem
of determining the structure of monotone Boolean functions f that they called d-optimal, meaning that
pL[f] < dpyp (f)log, (up (f)), ie. functions with total influence within a certain multiplicative factor
of the minimal value guaranteed by the isoperimetric inequality. They conjectured in [28, Conjecture
4.1(a)] that for any constant C' > 0 there are constants K,d > 0 such that if f is C'log (1/p)-optimal
then there is a set J of < K log ﬁ coordinates such that g, (f7—1) > (14 6)u,(f)-

The corresponding result with a similar conclusion was open even for C-optimal functions! Our
second theorem is a variant of the Kahn—Kalai conjecture which applies to C'log (1/p)-optimal functions
when C' is sufficiently small (whereas the conjecture requires an arbitrary constant C'). We compensate
for our stronger hypothesis in the following result by obtaining a much stronger conclusion than that
asked for by Kahn and Kalai; for example, if f is 261/2)_gntimal then tp (fro1) > pp ()01 We will

100C
also show that our result is sharp up to the constant factor C.

Theorem 1.5. Let p € (0,1], K > 1 and let f be a Boolean function with pl[f] < K, (f). Then
there is a set J of < CK coordinates, where C is an absolute constant, such that p, (fi-1) > e K,

1.3. Sharp thresholds. The results of Friedgut and Bourgain mentioned above also had the striking
consequence that any ‘global’ Boolean function has a sharp threshold, which was a breakthrough in
the understanding of this phenomenon, as it superceded many results for specific functions.

The sharp threshold phenomenon concerns the behaviour of p,(f,) for p around the critical proba-
bility, defined as follows. Consider any sequence f,: {0,1}" — {0,1} of monotone Boolean functions.
For t € [0,1] let p,(t) = inf{p : pp(fn) > t}. In particular, p := p,(1/2) is commonly known as the
‘critical probability’ (which we think of as small in this paper). A classical theorem of Bollobas and
Thomason [9] shows that for any ¢ > 0 there is C' > 0 such that p,(1 —¢) < Cp,(¢). This motivates
the following definition: we say that the sequence (f,) has a coarse threshold if for each ¢ > 0 the
length of the interval [p,(¢),pn(1 —€)] is O(pS), otherwise we say that it has a sharp threshold.

The classical approach for understanding sharp thresholds is based on the Margulis—Russo formula
d’%gf) =1I,, (f), see [41] and [49]. Here we note that if f has a coarse threshold, then by the Mean
Value Theorem there is a constant ¢ > 0, some p with y,(f) € (6,1 —€) and pl,, (f) = ©(1), so one
can apply various results mentioned in Section 1.2. Thus Bourgain’s Theorem implies that there is a
set J of O (K) coordinates such that p, (fr-1) > pp (f) + ¢ 9(5*) While this approach is useful for
studying the behaviour of f around the critical probability, it rarely gives any information regarding
the location of the critical probability. Indeed, many significant papers are devoted to locating the
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critical probability of specific interesting functions, see e.g. the breakthroughs of Johansson, Kahn and
Vu [27] and Montgomery [43].
A general result was conjectured by Kahn and Kalai for the class of Boolean functions of the form

fn: A0, 1}([75]) — {0, 1}, whose input is a graph G and whose output is 1 if G contains a certain fixed
graph H. For such functions there is a natural ‘expectation heuristic’ pZ for the critical probability,
namely the least value of p such that the expected number of copies of any subgraph of H in G (n,p)
is at least 1/2. Markov’s inequality implies p¢ > pZ, and the hope of the Kahn-Kalai Conjecture is
that there is a corresponding upper bound up to some multiplicative factor. They conjectured in [28,
Conjecture 2.1] that p& = O (pf log n), but this is widely open, even if logn is replaced by n°™).
The proposed strategy of Kahn and Kalai to this conjecture via isoperimetric stability is as follows.
e Prove a lower bound on p,e (fn).
e Show (e.g. via Russo’s lemma) that if |[pg,pc]| is too large, then the p-biased total influence
at some point in the interval [pg, p.] must be relatively small.
e Prove an edge-isoperimetric stability result that rules out the latter possibility.

Theorem 1.5 makes progress on the third ingredient. Combining it with Russo’s Lemma, we obtain
the following result that can be used to bound the critical probability. Let f be a monotone Boolean
function. We say that f is M-global in an interval [ if for each set J of size < M and each p € I we

have 11, (f1-1) < pp ()

Theorem 1.6. There exists an absolute constant C' such that the following holds for any monotone
Boolean function f with critical probability p. and p < p.. Suppose for some M > 0 that f is M-global
in the interval [p, p.] and that p, (f) > e~ /€. Then p. < M%p.

To see the utility of Theorem 1.6, imagine that one wants to bound the critical probability as pf, < p,
but instead of showing s,(f,) > 3 one can only obtain a weaker lower bound y,, (f) > e/, where
f is M-global; then one can still bound the critical probability as p¢ < MOMyp,

1.4. Noise sensitivity. Studying the effect of ‘noise’ on a Boolean function is a fundamental paradigm
in various contexts, including hypercontractivity (as in Section 1.1) and Gaussian isoperimetry (via
the invariance principle, see Section 8). Roughly speaking, a function f is ‘noise sensitive’ if f(z) and
f(y) are approximately independent for a random input z and random small perturbation y of x; an
equivalent formulation (which we adopt below) is that the ‘noise stability’ of f is small (compared to
tp (f)). Formally, we use the following definition.

Definition 1.7. The noise stability Stab,(f) of f € L?({0,1}", u,) is defined by
Stab,, (f) = (£, Tof) = Ea~yp, [f (@) T, f ()]

A sequence f,, of Boolean functions is said to be noise sensitive if for each fixed p we have Stab, (f,) =

1 () + 0 (1p (fa)) -

Note that everything depends on p, but this will be clear from the context, so we suppress p from
the notation Stab,. Kahn, Kalai, and Linial [29] (see also [47, Section 9]) showed that sparse subsets of
the uniform cube are noise sensitive, where we recall that the sequence (f,,) is sparse if p, (f,) = 0(1)
and dense if p, (f,) = O (1).

The relationship between noise and influence in the cube under the uniform measure was further
studied by Benjamini, Kalai, and Schramm [8] (with applications to percolation), who gave a complete
characterisation: a sequence (f,,) of monotone dense Boolean functions is noise sensitive if and only if
the sum of the squares of the influences of f, is 0(1). Schramm and Steif [50] proved that any dense
Boolean function on n variables that can be computed by an algorithm that reads o (n) of the input
bits is noise sensitive. Their result had the striking application that the set of exceptional times in
dynamical critical site percolation on the triangular lattice, in which an infinite cluster exists, is of
Hausdorff dimension in the interval [%, g—é] Ever since, noise sensitivity was considered in many other
contexts (see e.g. the recent results and open problems of Lubetzky—Steif [40] and Benjamini [7]).



HYPERCONTRACTIVITY FOR GLOBAL FUNCTIONS AND SHARP THRESHOLDS 6

The p-biased setting. In contrast to the uniform setting, in the p-biased setting for small p it is no
longer true that sparse sets are noise sensitive (e.g. consider dictators). Our main contribution to the
theory of noise sensitivity is showing that ‘global’ sparse sets are noise sensitive. Formally, we say that
a sequence f, of sparse Boolean functions is weakly global if for any ,C' > 0 there is ng > 0 so that
tp ((fn) ;1) <€ for all n > ng and J of size at most C.

Theorem 1.8. Any weakly global sequence of Boolean functions is noise sensitive.

1.5. Further applications of global hypercontractivity. Besides the applications of Theorem
1.3 to isoperimetry, sharp thresholds and noise sensitivity discussed above, in Section 8 we will also
generalise the Invariance Principle of Mossel, O’Donnell and Oleszkiewicz [46] to the p-biased setting:
we show that if a low degree function on the p-biased cube is global (has small generalised influences)
then it is close in distribution to a low degree function on Gaussian space. There are many other
applications that we defer to future papers:

e FExotic settings: Noise sensitivity of sparse sets is related to small-set expansion on graphs,
which has found many applications in Computer Science. Here the interpretation of Theorem
1.8 is that although not all small sets in the p-biased cube expand, global small sets do expand.
Results of a similar nature were proved for the Grassman graph (see [37]) and the Johnson
graph (see [36]). The former result was essential in the proof of the 2-to-2 Games Conjecture,
a prominent problem in the field of hardness of approximation. Both these works involve
long calculations, and have sub-optimal parameters. In subsequent works [16, 17, 18, 30]
hypercontractive results for global functions are proven for various domains by reducing to
the p-biased cube and using Theorem 1.3. The results of [16, 17] imply the corresponding
results about small expanding sets in the Grassman/Johnson graph with optimal parameters.
A similar result was also established for a certain noise operator on the symmetric group [18].

o Extremal Combinatorics: The junta method, introduced by Dinur and Friedgut [13] and further
developed by Keller and Lifshitz [34], is a powerful tool for solving problems in Extremal
Combinatorics via the sharp threshold phenomenon. Specifically, it is useful for the study of
the Turén problem for hypergraphs, where one asks how large can a k-uniform hypergraph
on n vertices be if it does not contain a copy of a given hypergraph H. This method was
applied in [34] to resolve many such questions for a wide class of hypergraphs called expanded
hypergraphs in which the edge uniformity can be linear in n, although the number of edges
in H is fixed. In a companion paper [31], we apply the sharp threshold technology developed
in the current paper to the regime where the number of edges of H can grow with n, thus
settling many cases of the Huang—Loh—Sudakov conjecture [26] on cross matchings in uniform
hypergraphs and the Fiiredi-Jiang—Seiver conjecture on path expansions.

The organisation of this paper is as follows. After introducing some background on Fourier analysis
on the cube in the next section, we prove Theorem 1.3 in Section 3. In Section 4 we establish the
equivalence between the two notions of globalness referred to above, namely control of generalised
influences and insensitivitity of the measure under restriction to a small set of coordinates. Section 5
concerns the total influence of global functions, and includes the proofs of our stability results for the
isoperimetric inequality (Theorems 1.4 and 1.5) and our first sharp threshold result (Theorem 1.6).
In Section 6 we prove our result on noise sensitivity and apply this to deduce an alternative sharp
threshold result. Section 7 generalises our hypercontractivity result in two directions: we consider
general norms and general product spaces. In Section 8 we prove our p-biased version of the Invariance
Principle and sketch its application to a variant of the ‘Majority is Stablest’ theorem and a sharp
threshold result for almost monotone functions. We end with some concluding remarks.

2. NOTATIONS

Here we summarise some notation and basic properties of Fourier analysis on the cube. We fix
p € (0,1) and suppress it in much of our notation, i.e. we consider {0,1}" to be equipped with the
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p-biased measure (i, unless otherwise stated. We let o = /p(1 — p) (the standard deviation of a p-
biased bit). For each i € [n] we define x;: {0,1}" — R by x; () = “=2£ (so x; has mean 0 and variance
1). We use the orthonormal Fourier basis {xs}gc, of L?({0,1}" 7up), where each x5 := [],cq Xi-

Any f:{0,1}" — R has a unique expression f = Zsc f(S)xs where {f(S )} scin) are the p-biased
Fourier coefficients of f. Orthonormality gives the Plancherel identity (f,g) = ZSc[n] f(S)g(S). In
particular, we have the Parseval identity E[f?] = ||f||3 = (f, f) = > sCn] f(S)%. For F C {0,1}" we
define the F-truncation f7 = > ¢~ f(S)xs. Our truncations will always be according to some degree

threshold r, for which we write f<" = ZIS\ST F(S)xs
For i € [n], the i-derivative f; and i-influence 1;(f) of f are

fi=Di[fl = o(fis1— fiso) = Z f () xs\13y, and

S:ies
Il(f) = ”fi—)l f1—>0||2 - U_2E - p(l D) Z f
S:esS
The influence of f is
(2.1) I(f) =D L(f) = (1 —p)) " Y _ISI£(S)?
i s

In general, for S C [n], the S-derivative of f is obtained from f by sequentially applying D, for each
i€ S, ie.

Ds(f) =o'l > (=)l = 3 f(T)xs:

z€{0,1}° T:SCT
The S-influence of f (as in Definition 1.2) is
(2.2) Is(f) = o 25 Ds (N IE =075 37 f(B)
E:SCE

Recalling that a function f has a-small generalised influences if Is(f) < aE[f?] for all S C [n], we see
that this is equivalent to E[Dg (f)?] < ac?SIE[f2] for all S C [n).

3. HYPERCONTRACTIVITY OF FUNCTIONS WITH SMALL GENERALISED INFLUENCES

In this section we prove our hypercontractive inequality (Theorem 1.3), which is the fundamental
result that underpins all of the results in this paper.

The idea of the proof is to reduce hypercontractivity in p, to hypercontractivity in p;,, via the
‘replacement method’ (the idea of Lindeberg’s proof of the Central Limit Theorem, and of the proof of
Mossel, O’Donnell and Oleszkiewicz [46] of the invariance principle). Throughout this section we fix
f:{0,1}" — R and express f in the p-biased Fourier basis as 3. f(S)x%, where x% = [, X? and
X (x) = =P (the same notation as above, except that we introduce the superscript p to distinguish
the p—blased and uniform settings).

For 0 <t <n we define f; =3 ¢ £(S)x%, where

= I x7%@ [l @) e L2({0,131, ) x L2({0, 1N g0y,

i€SN[t] 1€5\[t]
Thus f; interpolates from fo = f € L*({0,1}", pp) to fr, = D¢ f(s )X15/2 € L2({0,1}", pu12). As
{x% : S C [n]} is an orthonormal basis we have || f;||2 = || f||2 for all ¢.

We also define noise operators T}, | on L2({0, 1}, 11y 1o) x L2({0, 1} "N ) by T (9)(x) =
Eyon, p(m)[f(y)], where to sample y from N,/ ,(x), for i < t we let y; = x; with probability p’ or
otherwise we resample y; from p; /2, and for ¢ > t we let y; = x; with probability p or otherwise we
resample y; from p1,. Thus T!,  interpolates from T, =T, (for u,) to T , =T, (for 1y 2).
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We record the following estimate for 4-norms of p-biased characters:
A= E[O0)] = 0~ (p(1 = p)* + (L= p)p?) = 0 (L= p)* +p*) <02,

The core of our argument by replacement is the following lemma which controls the evolution of
E[( 2p,pJt ) ] HT2ppft||3 fOTOStSTL

Lemma 3.1. E[(T4,}fi1)] < E[(Th, ,£)'] + 3\ E[(TS, ,((D.£).))".
Proof. We write
fi= /g+h and f; 1 =xYg+h, where
g=Ouf)i= > fSXs = D f(S x;\}t} = (D¢f)i-1, and

S:tes S:tes
h=Fayopnfr =Y F(xs= D FONG" =Eaymp, fro1.
S:t¢sS S:t¢S

We also write
1/2 _
Tgmpft = ZpXt/ d+e and Tgpfpft 1 =pxid+e, where
t t—1 t—1

d= 15,09 ="T5,,9 and e= 2p h = T, ph
We can calculate the expectations in the statement of the lemma by conditioning on all coordinates
other than x;, i.e. Ez[/] = Eg [E,, [ | 2']] where @’ is obtained from a = (x1,...,2,) by removing x;.
It therefore suffices to establish the required inequality for each fixed =’ with expectations over the
choice of z;; thus we can treat d and e as constants, and it suffices to show

(3.1) E., [(pdx? + €)' < By, [(2pdx,"* + €)*] + 3Apd*.
As x? has mean 0, we can expand the left hand side of (3.1) as
(pd) E[(x})*] + 4e(pd) E[(x7)°] + 6¢*(pd)*E[(x})*] + €* < 3A\(dp)" + 8(dep)* + ¢*
where we bound the second term using Cauchy-Schwarz then AM-GM by
4-E[(dpx7)"]"/? - El(depx?)?]* < 2 (E[(dpx?)"] + El(depx?)?]) = 2(A(dp)* + (dep)?).
Similarly, as E[x /2] IE[(X;/Q)?’] = 0, we can expand the first term on the right hand side of (3.1) as
(20d) E{(xt/*)"] + 6¢* (20d)°E(x*)?] + ¢! = (2pd)" + 6(2pde)® + ¢* > 8(dep)® + '
The lemma follows. O
Now we apply the previous lemma inductively to prove the following estimate.
Lemma 3.2. [|Th, ,fill4 < S (330 T3, ,(Ds )14 for all 0 < i < n.

Proof. We prove the inequality by induction on n — ¢ simultaneously for all functions f. If n =i then
equality holds trivially. Now suppose that ¢ < n. By Lemma 3.1 with ¢ = 7 4+ 1, and the induction
hypothesis applied to f and D, f with ¢ replaced by t, we have

TS, fills < IT5, o felli + 33| T3, ,(Def)e) 3

< D BMYENTE, (DsHali+3M" Y BAYTE, (DsDef)n)l1d
Scn]\[¢] SC[n]\[t]

= 3 BT, (Ds -

Scn\[i]

In particular, recalling that sz o =Tpon u, and T3, , = Ty, on py/, the case : = 0 of Lemma
3.2 is as follows.

Proposition 3.3. ||T,f[[§ < Ygc (33" [T, (Ds f)n)l5-
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The 4-norms on the right hand side of Proposition 3.3 are with respect to the uniform measure
f41/2, where we can apply standard hypercontractivity (the ‘Beckner-Bonami Lemma’) for p < 1/2V/3

to obtain || Ta,((Dsf)n)lli < [[(Dsf)nlls = [|Dsflls = o*¥lIs(f)2. Recalling that A < =2, we deduce
the following bound for || T, f||1 in terms of the generalised influences of f.

Theorem 3.4. If p < 1/V12 then | Tofl|5 < X gy (3" Ds fl13 < Xgcpn (3020 s (f)?.

Now we deduce our hypercontractivity inequality. It is convenient to prove the following slightly
stronger statement, which implies Theorem 1.3 using | Ds f||3 = 02°IIs(f) < A~!¥1Ig(f) and || Ty /5 f]l4 <
1Ty, z1flla (any T, is a contraction in LP for any p > 1).

Theorem 3.5. Let f € L*({0,1}",p,) with all |Dsf|3 < BAIE[f?]. Then |T,, miflls <
BY41£ll2-
Proof. By Theorem 3.4 applied to T, 5 f with p = 1/4/12 we have

1T, yaaflli < 3 (3AHSIDST, oI

SCln]
As IDsT,, /15 = X p.sce 27IELH(B)? < Y pscn f(E)2 =|Dsfll5 < B/\*‘S‘E[F] we deduce
Ty, yaafllE < Y. Y BE[f1271FIf(E) 21> F(E)? =B85 0
Sc[n] E:SCE E

3.1. Hypercontractivity in practice. We will mostly use the following application of the hyper-
contractivity theorem.

Lemma 3.6. Let f be a function of degree r. Suppose that Is(f) < § for all |S| < r. Then
3r 1 _
[ £lla < 57 6% 17115
The proof uses the following lemma, which is immediate from the Fourier expression in (2.2).
Lemma 3.7. I5(f<") <Ig(f) for all S C [n] and Is(f=") =0 if |S| > r.

Proof of Lemma 3.6. Write f = Ty/5(h), where h = ZITIST 5|T|f(T)XT. We will bound the 4-norm
of f by applying Theorem 1.3 to h, so we need to bound the generalised influences of h.
By Lemma 3.7, for S C [n] we have Ig(h) = 0 if |S| > r. For |S| < r, we have

Is(h)=o 281 S BATIH(T)? <52 15(f) <528 = al|hl3,
T:SCT,|T|<r

where o = 527§/||h||3. By Theorem 1.3, we have

1£lla = I1T1jshlla < a¥ bl = 57265 V/[[Al2 < 5 6% /[ £]l2
In the final inequality we used ||h||2 < 57 f]|2, which follows from Parseval. O

4. EQUIVALENCE BETWEEN GLOBALNESS NOTIONS

Above we have introduced two notions of what it means for a Boolean function f to be global. The
first globalness condition, which appears e.g. in Theorem 1.4, is that the measure of f is not sensitive
to restrictions to small sets of coordinates. The second condition is a bound on generalised influences
Is(f) for small sets S. In this section we show that we can move freely between these notions for two
classes of Boolean functions: namely sparse ones and monotone ones.

Throughout we assume p < 1/2; which does not involve any loss in generality in our main results;
indeed, if p > 1/2 we can consider the dual f*(z) =1 — f(1 — ) of any Boolean function f, for which
iy (F) = 1= py(f) and I, (F*) = L,,,(f).

We start by formalising our first notion of globalness.
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Definition 4.1. We say that a Boolean function f is (r,0)-global if p, (fr-1) < pp (f) + 9 for each
set J of size at most .

We remark that Definition 4.1 is a rather weak notion of globalness, so it is quite surprising that
it suffices for Theorems 1.5 and 1.8, where one might have expected to need the stricter notion that

pp(fr—1) is close to py(f)-
The following lemma shows that if a sparse Boolean function is global in the sense of Definition 4.1

then it has small generalised influences.

Lemma 4.2. Suppose that f : {0,1}™ — {0,1} is an (r,0)-global Boolean function with p,(f) < 6.
Then Ig (f<7) < Is (f) <876 for all S C [n] with |S| < r.

Proof. The first inequality is from Lemma 3.7. Next, we estimate

(4.1) (=] S D5 r ol < 3 fsoala= Y \/up(fsma):

z€{0,1}5 2 z€{0,1}5 z€{0,1}°

Next we fix z € {0,1}° and claim that yu,(fs—,) < 2"6. By substituting this bound in (4.1) we see
that this suffices to complete the proof. Let T be the set of all i € S such that z; = 1. Since f is
nonnegative, we have u,(fr—1) > (1 —p)IS\TI tp(fs—a)- As fis (r,6)-global and u,(f) < 0, we have
pp (fro1) < 26, s0o pp(fems) < (1— p)IT1=725 < 27§, where for the last inequality we can assume
T #0, as pp (fr—1) = pp(f) <5 < 274. This completes the proof. O

Next we show an analogue of the previous lemma replacing the assumption that f is sparse by the
assumption that f is monotone.

Lemma 4.3. Let f: {0,1}" — {0,1} be a monotone Boolean (r,0)-global function. Then Is (f) < 870
for every nonempty S of size at most r.

The proof is based on the following lemma showing that globalness is inherited (with weaker pa-
rameters) under restriction of a coordinate.

Lemma 4.4. Suppose that f is a monotone (r,0)-global function. Then for each i:
(1) fiss1 is (r —1,0)-global,
(2) 11y (fims0) = i (F) — 25,

(8) fio is (r -1, %)—global.

Proof. To see (1), note that for any J with [J| < r —1 we have u,((fis1)7-1) = pp(frugiy—1) <

pp(f)+9 < pp(fis1)+6, where the last inequality holds as f is monotone. Statement (2) follows from

the upper bound p, (fi1) < pp (f) + 6 and pwp, (fio) = %.

For (3), we note that by monotonicity i, ((fi0)g_1) < tp (frijus—1) - As fis (r,0)-global,
pd 5
tip (Fsugiz—1) < pp (f) +0 < pp (fiso) + 6+ T, (fimso) + e

using (2). Hence, f;— is (r, 1%}D)—global. O
Proof of Lemma 4.3. We argue by induction on r. In the case where r = 1, Lemma 4.4 and mono-
tonicity of f imply (using p < 1/2)

Li(f) = pp (fiss1) = tp (fimo) <0+ % < 26.

Now we bound Igygy (f) for » > 1 and S of size r — 1 with i ¢ 5.
Note that Dgygy (f) = Ds [Di(f)]. By the triangle inequality, we have

VIsugy (f) = o7 IDsugy (N2 = o' "IDs(fis1) — Ds(fiso)ll2 < Vs (fin1) + VIs(fiso)-
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By the induction hypothesis and Lemma 4.4 the right hand side is at most
V815 + V87125 < v/874.
Taking squares, we obtain Igyg;y (f) < 870. O

We conclude this section by showing the converse direction of the equivalence between our two
notions of globalness, i.e. that if the generalised influences of a function f are small then f is global in
the sense of its measure being insensitive to restrictions to small sets. (We will not use the lemma in
the sequel but include the proof for completeness.)

Lemma 4.5. Let f: {0,1}" — {0,1} be a Boolean function and let r > 0. Suppose that Ig[f] < 6 for
each nonempty set S of at most r coordinates. Then f is (r,470)-global.

Proof. To facilitate a proof by induction on r we prove the slightly stronger statement that f is
(r, >, 47 16)-global. Suppose first that 7 = 1. Our goal is to show that if I[f] < &, then p,(fi—1) —
tp(fimso) < 9, and indeed,

tp(fiss1) = pp(fimso) < Prlfia # fisso) = [[finn — fissoll3 = |ID:[f]II3 = L[f] < 6.

Now suppose that » > 1 and that the lemma holds with » — 1 in place of r. The lemma will follow once
we show that for all ¢ and all nonempty sets S of size at most r — 1, we have Ig[f;—1] < 44. Indeed,
the induction hypothesis and the n = 1 case will imply that for each set S of size at most r and each
i € 5 we have (s 1) < pp(fisn) + X2 47145 < () + X0, 4716,

We now turn to showing the desired upper bound on the generalised influences of f;_,;. Let S be a
set of size at most 7 — 1. Recall that Is[f; 1] = ||Ds[fi—1]]|3- We may assume that i ¢ S for otherwise
the generalised influence Ig[f;—1] is 0. We make two observations. Firstly, we have

Dsugiy[f] = Dslfis1] — Ds|fizol-
Secondly, conditioning on the ouput of the coordinate i we have

IDs[£1lI3 = plIDs[fi-alll3 + (1 = p)IDs[fi-ol I3,

which implies |[Ds[fi—o]ll2 < V2||Ds[f]|l2. We may now apply the triangle inequality on the first
observation and use the second observation to obtain

VIs[f] = IDslfisalllz < IDsugy [fll2 + IDs[fimsolllz < V6 + v2||Ds[f]l2 < 2V.

Taking squares, we obtain the desired upper bound on the generalised influences of f; 1. O

5. TOTAL INFLUENCE OF GLOBAL FUNCTIONS

In this section we show that our hypercontractive inequality (Theorem 1.3) implies our stability
results for the isoperimetric inequality, namely Theorems 1.4 and 1.5. We also deduce our first sharp
threshold result, Theorem 1.6.

5.1. The spectrum of sparse global sets. The key step in the proofs of Theorems 1.5 and 1.8 is
to show that the Fourier spectrum of global sparse subsets of the p-biased cube is concentrated on the
high degrees. We recall first a proof that in the uniform cube (i.e. cube with uniform measure), all
sparse sets have this behaviour (not just the global ones). Our proof is based on ideas from Talagrand
[52] and Bourgain and Kalai [12].

Theorem 5.1. Let f be a Boolean function on the uniform cube, and let r > 0. Then

1F=715 < 372 (1)1

The idea of the proof is to bound HfSTHz = (f=", f) via Holder by || /<", [I£[l4/3, bound the 4-norm
via hypercontractivity and express the 4/3-norm in terms of the measure of f using the assumption
that f is Boolean. For future reference, we decompose the argument into two lemmas, the first of
which applies also to the p-biased settting and the second of which requires hypercontractivity, and so
is specific to the uniform setting. Theorem 5.1 follows immediately from Lemmas 5.2 and 5.3 below.
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In the following lemma we consider {—1, 0, 1}-valued functions so that it can be applied to either a
Boolean function or its discrete derivative.
Lemma 5.2. Let f: {0,1}" — {0,1,—1}, let F be a family of subsets of [n], and let g(z) = f7 =
Sser f(S)xs(x). Then ||gll3 < |lgllallfl|3°, where the norms can be taken with respect to an arbitrary
p-biased measure.
Proof. By Plancherel and Holder’s inequality, E[g?] = (f, ) < || flla/3llglls, where || f|l4/3 = E[f?]?/4 =
| 1135 as fis {~1,0,1}-valued. O
Applying Lemma 5.2 with ¢ = f<", we obtain a lower bound on the 4-norm of g. We now upper
bound it by appealing to the Hypercontractivity Theorem.

Lemma 5.3. Let g be a function of degree v on the uniform cube. Then | g||, < V3 llglls-

Proof. Let h be the function, such that T, zh =g, ie. h = Z|S|§r \/§‘S'g (S) xs. Then the Hyper-
contractivity Theorem implies that [|g|ls < ||h]l2, and by Parseval ||h]ls < v/3' [|g]|2- O

We shall now adapt the proof of Theorem 5.1 to global functions on the p-biased cube. The only
part in the above proof that needs an adjustment is Lemma 5.3, and in fact we have already provided
the required adjustment in Section 3 in the form of Lemma 3.6.

Theorem 5.4. Let v > 1, and let f: {0,1}" — {0,1,—1}. Suppose that Is[f<"] < & for each set S of
size at most r. Then E[(f<7)%] < 5"35E [f?].

Proof. Applying Lemma 3.6 with g = f<", we obtain the upper bound [[g|ls < 5% 6% ||g||9->. Since the
function f takes values only in the set {0,1,—1}, we may apply Lemma 5.2. Combining it with the
upper bound on the 4-norm of g, we obtain

3r .1
lgll3 < llgllall Fll2* < 5 6% lgll5 I f1l2°.

Rearranging, and raising everything to the power 3, we obtain ||g[|3 < 5783 Hf||§ O

Let us say that f is e-concentrated above degree r if | f<"||3 < ¢||f||3. The significance of Theorem
5.4 stems from the fact that it implies the following result showing that for each r,e > 0 there exists
a 0 > 0 such that any sparse (r, §)-global function is e-concentrated above degree r.

Corollary 5.5. Let r > 1. Suppose that f is an (r,d)-global Boolean function with p, (f) < 6. Then
1

E[(f=7)?] < 10705 up(f).

Proof. By Lemma 4.2, for each S of size r we have Ig (f=") <1Ig(f) < 8"4. Then Theorem 5.4 implies

| £S7]12 < 10763 || £||2, where since f is Boolean we have || |12 = 1, (f). O

5.2. Isoperimetric stability. We are now ready to prove our variant of the Kahn-Kalai Conjecture
and sharp form of Bourgain’s Theorem, both of which can be thought of as isoperimetric stability
results. Both proofs closely follow existing proofs and substitute our new hypercontractivity inequal-
ity for the standard hypercontractivity theorem: for the first we follow a proof of the isoperimetric
inequality, and for the second the proof of KKL given by Bourgain and Kalai [12] (their main idea is
to apply the argument we gave in Theorem 5.1 for each of the derivatives of f).

Proof of Theorem 1.5. We prove the contrapositive statement that for a sufficiently large absolute
constant C, if f is a Boolean function such that p,(f;-1) < e~ YK for all J of size at most CK, then
pl[f] > Kpu,(f). Let f be such a function, and set § = e~“X. Provided that C' > 2, f is (2K, §)-global,
and has p-biased measure at most §. By Corollary 5.5, we have

1
LF=2515 < 102503 1y (f) < g () /24
provided that C' is sufficiently large. Hence,

1F725013 = IF13 = 1F=25013 > pp () /2.
By (2.1) we obtain p(1 — p)I[f] > 2K f>*¥([3, so pI[f] > Ku,(f). -
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Next we require the following lemma which bounds the norm of a low degree truncation in terms
of the total influence.

Lemma 5.6. Let v > 0. Suppose that for each nonempty set S of size at most r, Ig (fﬁr) < 9. Then
T T— 1
IF=715 < pp(f)? + 57103 0°1[f].
Proof. Let g; := fi—y1 — fi—o- Then for each S of size at most r — 1, with ¢ ¢ S we have
Is(gigr) = ISu{i}(fSr) <4,

and for each S containing i we have Ig((g;)<") = 0. By Lemma 5.4, E[((g;)<")2] < 5"~163E[g2]. The
lemma now follows by summing over all i, using ., E[¢?] = I(f):

IF=715 =D F(8)> < F@0)* + Y ISIf(S)?

IS|<r |S|<r

= 12+ 0* S El((9) )] < (1) + 57162070 ). 0

We now establish a variant of Bourgain’s Theorem for general Boolean functions, in which we replace
the conclusion on the measure of a restriction by finding a large generalised influence.

Theorem 5.7. Let f: {0,1}" — {0,1}. Suppose that pI[f] < Ku, (f) (1 — pp(f)). Then there exists
an S of size 2K, such that I15(f) > 573K,

Proof. Let r = 2K and let 6 = 573K, Suppose for contradiction that Is(f) < § for each set S of size
at most r. By Lemma 5.6,

1F=T115 = po(f)? < 5771632 T(f) < pI[f]/2K < pp(f)(1 = pp(f))/2-
On the other hand, by Parseval

IfF = f="3 =D F(9)> <ot Y ISIF(S)? <7l = p)I(S) < pp() (L = () /2.

|S|=r |S|>r

However, these bounds contradict the fact that

1o (F) L = 1p(F) = I3 = 1o (1) = 1715 = 1o (F)* + 1L = F=7115. O
Proof of Theorem 1.4. The theorem follows immediately from Theorem 5.7 and Lemma 4.3. O

5.3. Sharpness examples. We now give two examples showing sharpness of the theorems in this
section, both based on the tribes function of Ben-Or and Linial [5].

Example 5.8. We consider the anti-tribes function f = f,,, : {0,1}" — {0,1} defined by s disjoint
sets T1,...,Ts C [n] each of size w, where f(z) = H‘;:l max;er; Ti, i.e. f(x) = 1 if for every j we
have z; = 1 for some i € Tj, otherwise f(xz) = 0. We have p,(f) = (1 — (1 —p)¥)® and I[f] =
pp(f) = sw(l —p)*=H(1— (1 —p)*)*~t. We choose s,w with s(1 — p)” = 1 (ignoring the rounding
to integers) so that w,(f) = (1 — s !)* is bounded away from 0 and 1, and K = (1 — p)pl[f] =
pw(l — s )"y, (f) = O(pw). Thus logs = wlog(l — p)~' = O(K). However, for any J C [n] with
|J| =t < s we have p,(fr—1) < (1 —s71)57 < 28/51,(f), so to obtain a density bump of =) we
need t = e K5 = ¢*(K) > K. Thus Theorem 1.4 is sharp.

Example 5.9. Let f(z) = fs () [[;cp 2 with fs ., as in Example 5.8 and T' C [n] a set of size ¢
disjoint from U;T;. We have p,(f) = p'(1 — (1 — p)*)® and I[f] = u,(f) = tp"~1(1 — (1 —p)¥)* +
plsw(l — p)*~1(1 — (1 — p)*)*~ L. We fix K > 1 and choose s,w with s(1 — p)* = K, so that
pp(f) = p'(1— K/s)* = p'e™®U) for s > 2K and p(1 —p)I[f] = pi (/)((1 = p)t + pwK (1 — K/s)™") =
Lp(F)O(K) if pw = ©(1) and ¢t = O(K). For any J C [n] with |J| = t + v < t + s we have
p(fro1) < (1= K/s)s7% < e K(=u/9) < ¢=K/2 ynless u > s/2 = O(K). Thus Theorem 1.5 is sharp.
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5.4. Sharp thresholds: the traditional approach. In this section we deduce Theorem 1.6 from our
edge-isoperimetric stability results and the Margulis—Russo Lemma. Recall that a monotone Boolean
function is M-global in an interval if 11, (f7_1) < pp (f)*°" for each p in the interval and set J of size
M. We prove the following slightly stronger version of Theorem 1.6.

Theorem 5.10. There exists an absolute constant C' such that the following holds for any monotone
Boolean function f that is M-global in some interval [p,q|: if ¢ < p. and p, (f) > e~ M/C then

E)I/C

(5.1) o () = ()5
In particular, g < M%p.

Proof. By Theorem 1.5, since f is M-global throughout the interval, there exists a constant C' such

o 1
that I, [f] > % for all  in the interval [p, ¢]. By the Margulis-Russo lemma,

io o _ pa(f)' — Ls(f] -1
a8 108U ) = o g (7))~ (D loga (7))~ C

in all of the interval [p, g]. Hence,

log(%)
log (—1og (414 (f))) < log(—log(p(f))) = —7—
The first part of the theorem follows by taking exponentials, multiplying by —1 then taking exponentials
again. To see the final statement, note that ¢ < p. implies p, (f) < % We cannot have ¢ > M°®p, as
then the right hand side in (5.1) would be larger than e~ > 1/2 for large C. To obtain Theorem 1.6
we substitute ¢ = pe. O

6. NOISE SENSITIVITY AND SHARP THRESHOLDS

We start this section by showing that sparse global functions are noise sensitive; Theorem 1.8 follows
immediately from Theorem 6.1.

Theorem 6.1. Let p € (0,1), and let € > 0. Let r = llgg((f;;)), and let 6 = 1073713, Suppose that f

is an (r,0)-global Boolean function with u, (f) < d. Then
Stab, (f) < epp (f)-

Proof. We have
T f. 1)< 3 F P+ 3 FS? <EB[(F2)°] + Sl
[S|<r

2
|S|>r
The statement now follows from Corollary 5.5, which gives E[(f<7)?] < 10"6Y/3E[f?] < ep,(f)/2. O

In the remainder of this section, following [39], we deduce sharp thresholds from noise sensitivity
via the following directed noise operator, which is implicit in the work of Ahlberg, Broman, Griffiths
and Morris [3] and later studied in its own right by Abdullah and Venkatasubramanian [1].

Definition 6.2. Let D (p,q) denote the unique distribution on pairs (z,y) € {0,1}" x {0,1}" such
that © ~ p,, Yy ~ pg, all ; <y, and {(z;,y;) : ¢ € [n]} are independent. We define a linear operator
TP L2({0, 117, ) — L2({0, 13", 1) by

TP (f) (y) = Ewy)~Dpo) Lf (®) |y =1].

The directed noise operator TP7 is a version of the noise operator where bits can be flipped only
from 0 to 1. The associated notion of directed noise stability, i.e. (f, Tp_“?fmq, is intuitively a measure
of how close a Boolean function f is to being monotone. Indeed, for any (x,y) with all z; < y; we
have f (x) f (y) < f (x), with equality if f is monotone, so

(£;T779) = Beyynna) [F (@) f (U)] < Eaeyynnpa [f (@)] = 1o (f)
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with equality if f is monotone®. We note that the adjoint operator (TP~%)* : L2({0,1}", uy) —
L2({0,1}™, ) defined by (TP79f, g) = (f, (TP~9)" g) satisfies (TP~4)" = T77?, where

TP (g) (SL') = ]E(m,y)ND(p,q) [g (y) | T = 1’] .

The following simple calculation relates these operators to the noise operator.

Lemma 6.3. Let 0 <p<g<1andp= 58:8. Then (TP79)* TP72 =T, on L*({0,1}", pp).

Proof. We need to show that the following distributions on pairs of p-biased bits (x,x’) are identical:
(a) let x be a p-biased bit, with probability p let x’ = x, otherwise let x” be an independent p-biased bit,
(b) let (x,y) ~ D(p,q) and then (x’,y) ~ D(p,q) | y. It suffices to show P(z # z’) is the same in both
distributions. We condition on z. Consider z = 1. In distribution (a) we have P(x’ = 0) = (1—p)(1—p).
In distribution (b) we have P(y = 1) =1 and then P(x' =0) =1 —p/q = (1 — p)(1 — p), as required.
Now consider x = 0. In distribution (a) we have P(x’ = 1) = (1 — p)p. In distribution (b) we have

P(y = 1) = 4=2 and then P(x' = 1|y = 1) = p/q, so P(x' = 1) = 2=} —

(1 - p)p, as required. O

We now give an alternative way to deduce sharp threshold results, using noise sensitivity, rather
than the traditional approach via total influence (as in the proof of Theorem 5.10). Our alternative
approach has the following additional nice features, both of which have been found useful in Extremal
Combinatorics (see [39]).

(1) To deduce a sharp threshold result in an interval [p, ¢] it is enough to show that f is global
only according to the p-biased distribution. This is a milder condition than the one in the
traditional approach, that requires globalness throughout the entire interval.

(2) The monotonicity requirement may be relaxed to “almost monotonicity”.

Proposition 6.4. Let f: {0,1}" — {0,1} be a monotone Boolean function. Let 0 < p < q < 1 and
p=EG=8. Then pq(f) > mp(f)?/Stab, (f)-

Proof. By Cauchy—Schwarz and Lemma 6.3,
pp ()2 = (P29, ) < (TP f TP (f ), = (Tofs ) e () 0

The above proof works not only for monotone functions, but also for functions where the first
equality above is replaced by approximate equality (which is a natural notion for a function to be
“almost monotone”). The following sharp threshold theorem for global functions is immediate from
Theorem 6.1 and Proposition 6.4.

Theorem 6.5. For any ¢ > 0 there is Cy > 1 so that for any £,p,q € (0,1/2) with ¢ > (1 + {)p and
C > Cy, writing r = Cloge™! and § = C~", any monotone (r,d)-global Boolean function f whose
p-biased measure is at most § satisfies pq(f) > e p,(f).

7. GENERAL HYPERCONTRACTIVITY

In this section we generalise Theorem 1.3 in two different directions. One direction is showing
hypercontractivity from general g-norms to the 2-norm (rather than merely treating the case ¢ = 4);
the other is replacing the cube by general product spaces.

7.1. Hypercontractivity with general norms. We start by describing a more convenient general
setting in which we replace characters on the cube by arbitrary random variables. To motivate this
setting, we remark that one can extend the proof of Theorem 3.4 to any random variable of the form

(7.1) f= Z GSHZu
SC[n]

n €S

5The starting point for [39] is the observation that this inequality is close to an equality if f is almost monotone.
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where Z1,...,Z, are independent real-valued random variables having expectation 0, variance 1 and
4th moment at most c~2. To motivate the analogous setting for general ¢ > 2, we note that the
characters x? satisfy

E[x7 11 < IXFIEIXF 3 = 077
This suggests replacing the 4th moment condition by || Z;||2 < 0*~%. Given f as in (7.1), we define the
(generalised) derivatives by substituting the random variables Z; for the characters x¥ in our earlier
Fourier formulas, i.e.

Di[f]= > as [] Z and Do(f)= > as [] Z,

S:ieS  jes\{i} S$:TCS  jES\T
Similarly, we adopt analogous definitions of the generalised influences and noise operator, i.e.
1
Is[f] = =Ds[f]l3 and T, 11 Z;.
slfl=I-Dslflll; an Zp aszle_[s

We prove the following hypercontractive inequality.

Theorem 7.1. Let ¢ > 2 and Z1,...,7Z, be independent real-valued random variables satisfying
E[Z;] =0, E[Z =1, and E[Z]|] <o? 9
Let f =3 gcpnaslies Zi and p < 2(}% Then
ITofllE < Y o= 1Ds(f)]15.
SCn]

Theorem 7.1 is a qualitative generalisation of Theorem 3.4 (with smaller p, which we do not attempt
to optimise). The following generalised variant of Theorem 1.3 follows by repeating the proof in Section
3.

Theorem 7.2. Let q > 2, let f = ZSc[n] as ;e Zi let 0 > 0, and let p < (2q)~*°. Suppose that
Is[f] < B|Ifl3 for all S C [n]. Then

a—2
ITplfIllq < B7% (I £1l2-
We now begin with the ingredients of the proof of Theorem 7.1, following that of Theorem 3.4. For

0<t<nlet
Zasxs, where x5 =[] x/* ] 2
€SNt i€S\[t]
Here, just as in Section 3, the functlon f+ interpolates from the original function fy = f to f, =

Y5 asx}g/2 € L*({0,1}", p1/2)- As {x% : S C [n]} are orthonormal we have || f;||2 = || f||2 for all ¢.
As before, we define the noise operators Tfﬂ,p on a function f =Y gagsxk by

T = 37 ISP\l g gt
S

Thus T}, , interpolates from TO » =T, (for the original function) to T}, | o (for iy /2)

Our goal will now be to adJust Lemma 3.1 to the general settmg, Wthh 1s similar in spirit to
the 4-norm case, although somewhat trickier. It turns out that the case n = 1 poses the main new
difficulties, so we start with this in the next lemma.

Lemma 7.3. Let ¢ > 2 and Z be a random variable satisfying E[Z] = 0,E[Z?] = 1,E[|Z|1] < 0?7 1.
Let e,d € R and p € (0, ﬁ) Then |le + pdZ[|1 < |le + dX%Hg + 0?7444,

Proof. If e = 0 then the lemma is trivial. Therefore we may rescale and assume that e = 1. It will be
convenient to consider both sides of the inequality as functions of d: we write

fld) =1 —&-deHg and g¢(d) =1 +dx%||3 1 o274,
As f(0) = g(0), it suffices to show that f/(0) = ¢’(0) and f” < g” everywhere.
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Let us compute the derivatives. We note that the function x +— |z9| has derivative q|x|? !sign(z),
which is in turn continuously differentiable for ¢ > 2. Thus

f =Elg|1 + pdZ|*" " sign(1 + pdZ)pZ] = pqE[|1 + pdZ|?~ 'sign(1 + pdZ)Z] and
f" = (q = 1)gp*E[|1 + pdZ|*~2Z?).

Differentiating g we obtain

’ 119
g :qIEHl—Fd)(Z

sign(1 + dxé)x%] +qo?79d% !t and

1

o = ot~ DE[[Lraxt|" (x8) ] +ala— D)dr0>0 > alg — 1)/2 + glg — Dd70>0,

Thus ¢'(0) = f/(0) = 0 and it remains to show f” < ¢” everywhere. Our strategy for bounding f” is
to decompose the expectation over two complementary events 1 and E5, where Ey is the event that
|1+ pdZ| < |dZ| (and E is its complementary event). We write f” = f]' + f4, where each

fI'= (¢ = 1)gp’E[|1 + pdZ|"*Z1,).

First we note the bound
! < alg—1)p*d"?E[|Z]7] < (g — 1)dT 0% 71
Given the above lower bound on ¢”, it remains to show fJ < g(q —1)/2. On the event E; we have
|[dZ| < |14 pdZ| < 1+ |pdZ|.
Rearranging, we obtain |pdZ|(p~! — 1) < 1. Since p~! > 2q, we get

1
1+ |pdZ| <1+ ——.
2q —
Using E[Z?] = 1 this yields

1 N2
3 <dqlqg—1)p° (1 + ﬁ) <ep’qlg—1) <qlqg—1)/2.

Hence " = f{' + f& < ¢" for any value of d. This completes the proof of the lemma. O

We are now ready to show the replacement step.

Lemma 7.4. E[(Ty,, ,fi-1)7] < E[(Th,, ,f0)7] + 0> E[(T4,, ,((Def)e))].

Proof. We write

fe = g+h and f;_1=xYg+h, where
9= (th)t = Z f(S)Xs\{t} = Z f( XS\{t} (D¢f)i—1, and
S:tes S:tes
h = $t~ﬂ1/2ff Z f S_ Z f IEZ,ft 1-
S:t¢S S:t¢S

We also write

1/2
Thop ot = 2qpxt/ d+e and qup pfi-1=pZid+e, where

_ mt—1 t t—1
d= T2qﬂ 9 = T2qp 09 and e—Tqu /Jh T2qp ph

As before, we can calculate the expectations in the statement of the lemma by conditioning on all
1
coordinates other than Z; and x/, so the lemma follows from Lemma 7.3, with 2¢d in place of d. [

From now on, everything is similar to Section 3. We may apply the previous lemma inductively to
obtain.

Lemma 7.5. [T}, ,fil|? < DTN 0(2_‘1)‘5‘||T’2‘qp’p((Dgf)n)||g for all 0 < i <n.
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In particular, recalling that qump

case 1 = 0 of Lemma 7.5 is as follows.

Proposition 7.6. ||Tprg < ESC[H] 0(2_‘1)‘5‘||T2qp((DSf)n)||g.

= T, on the original function and T3, , = T2, on 19, the

The g-norms on the right hand side of Proposition 7.6 are with respect to the uniform measure p, /2,
where we can apply standard hypercontractivity with noise rate < 1/4/¢ — 1 to obtain

IT200((Ds /)l < I(Dsfnll3 = IDs f13-

This completes the proof of Theorem 7.1.
In the case where the Z; have different gth moments, the proof can be adjusted to give a better
upper bound. We write

_ 1
(7.2) EZ]] =07, os=]]oi and Is[f] = | —=Ds[/l3-
ics s
The proof of Theorem 7.1 yields the following variant of Theorem 3.4.
Theorem 7.7. Let ¢ > 2, let p < (2q)~"°, and let f =Y as[[;cq Zi with Z; as in (7.2). Then

IT, /g < > o5 IDs[fII-
ScC[n]
The following variant of Theorem 1.3 follows from Theorem 7.7. The proof is similar to the one
given in Section 3, where Theorem 1.3 is deduced from Theorem 3.4.

Theorem 7.8. Let ¢ > 2, 8> 0 and p < (2q)~'5. Suppose f = ZSC[n] as [l;cqg Zi with Z; as in
(7.2) has Ls[f] < B||f|13 for all S C [n]. Then

a=2
ITofllg < B2 [ fl2-
Finally, we state the following variant of Lemma 3.6, which is easy to deduce from Theorem 7.8.

Lemma 7.9. Let ¢ > 2 and § > 0. Suppose f =3 g, as [lics Zi with Z; as in (7.2) has Is[f] <6
for all |S| <r. Then
q—2 2

1£llg < @) 7a= || £l
7.2. A hypercontractive inequality for product spaces. Now we consider the setting of a general
discrete product space (Q,v) = [[;_; (4, ¢). We assume p; = min,,cq, v¢(w) € (0,1/2) for each
t € [n], and we write p = min; p;. We recall the projections E; on L?(€,v) defined by (E;f)(w) =
Eo,[f(w) | wy], the generalised Laplacians Lg defined by composing L, for all ¢t € S, where Ly f =
f—Eif, and the generalised influences Is(f) = E[Ls(f)?] [I;cq 0; >, where o2 = p;(1 — p;).

We will require the theory of orthogonal decompositions in product spaces, which we summarise
following the exposition in [47, Section 8.3]. For f € L?(Q,v) and J, S C [n] we write f</ = E5f and
define f=% = 3", o(—1)I¥\VI <7 (inclusion-exclusion for f<7 = "4, f=%). This decomposition is
known as the Efron-Stein decomposition [15]. The key properties of f=° are that it only depends on
coordinates in S and it is orthogonal to any function that depends only on some set of coordinates not
containing S; in particular, f=5 and f=5 are orthogonal for S # S’. We note that f = fCl? =
Y5 f=%. We have similar Plancherel / Parseval relations as for Fourier decompositions, namely
<fa g> = ZS f:Sg:S7 50 E[fQ] = Zs(f=5>2_

Our goal in this section is to prove an hypercontractive inequality for the Efron—Stein decomposition
in the spirit of Theorem 3.4. The noise operator is defined by T,[f] = > g pI81f=5_ 1t also has a
combinatorial interpretation, which is similar to the usual one on the p-biased setting. Given z € (2,
a sample y ~ N,(z) is chosen by independently setting y; to x; with probability p and resampling it
from (£2;,1;) with probability 1 — p. In the general product space setting there are no good analogs
to D;[f] and Dg(f), and we instead work with the Laplacians, which have similar Fourier formulas:
Li[f] = Ygics /77, and Ly[f] = Yg.pcs /5. In the special case where Q; = {0,1} we have
|Ls[f]ll2 = [IDs[f]]l2. It will be convenient to write o5 = [[;cg .
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The main result of this section is the following theorem.

Theorem 7.10. Let f € L*(Q,v), let ¢ > 2 be an even integer, and let p < Sq%' Then

IToflE < D o5 “ILs(/II3.

ScC[n]

The idea of the proof is as follows. We encode our function f € L?(,v) as a function f =
> s 1/=%l2xs for appropriate xs = [[;c5 x: (in fact, these will be biased characters on the cube). We
then bound || T,f]|, by || T,fll, and use Theorem 7.8 to bound the latter norm.

The main technical component of the theorem is the following proposition.

Proposition 7.11. Let g € L?(Q,v) let x5 = [Lics Xi, where x; are independent random variables

having expectation 0, variance 1, and satisfying E[x%] > Ug I for each integer j € (2,q]. Let g =

> scim 1977 l2xs. Then
lgllg < ldllq-

Below, we fix x5 as in the proposition, and let 5 denote the operator mapping a function g € L?(£,v)
to the function > gp, 97" xs-

To prove the proposition, we will expand out ||gl|? and [|g||¢ according to their definitions and
compare similar terms: namely, we show that a term of the form E[[]?_, ¢=°] is bounded by the
corresponding term in [|g||9, i.e. T]{_, 975 (12E[TT{_, xs:)- We now establish such a bound.

We begin with identifying cases in which both terms are equal to 0, and for that we use the
orthogonality of the decomposition {g=} scn]- Afterwards, we only rely on the fact that g=° depends
only on the coordinates in S.

Lemma 7.12. Let q be some integer, let g € L?(Q,v), and let S,...,S, C [n] be some sets. Suppose
that some j € [n] belongs to exactly one of the sets Si,...,S,. Then

] o

i=1

q

ngsl}:O and E

i=1

E

Proof. Assume without loss of generality that j € S;. The second equality E [[T?_, xs,] = 0 follows
by taking expectation over x;, using the independence between the random variables ;. For the first
equality, observe that the function []’_, g™ depends only on coordinates in So U---,S, C [n]\ {j}.
Hence the properties of the Efron—Stein decomposition imply

q q
0= <g_Sl,Hg_Si> =E [Hg_sil . O
i=2 i=1

Thus we only need to consider terms corresponding to Si,. .., S, in which each coordinate appears
in at least two sets. To facilitate our inductive proof we work with general functions f; that depend
only on coordinates of S; (rather than only with the functions of the form g=5).

Lemma 7.13. Let fi,...,fq € L2(Q,v) be functions that depend on sets Sy, ..., Sy respectively. Let
T; fori=3,...,q be the set of coordinates covered by the sets Si,...,S, exactly i times. Then

s

q

q .
< H | fill2 - H U%;j-
=1 J

3

Proof. The proof is by induction on n, simultaneously for all functions. We start with the case n =1,
which we prove by reducing to the case that all f; are eqal.
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The case n = 1. Here each f; either depends on a single input or is constant and depends only on the
empty set. We may assume that none of the f;’s is constant, as otherwise we may eliminate it from
the inequality by dividing by |f;|. By the generalised Holder inequality we have

B lnf] gf[lmnq.

Hence the case n = 1 of the lemma will follow once we prove it assuming all the f; are equal.

The n =1 case with equal f;’s. We show that if (2, ) is a discrete probability space in which any
atom has probability at least p, then || f[|2 < ||f[|30°~%, where 0 = \/p(1 — p).

While the inequality || f|l2 < || f|l, holds in any probability space, the reverse inequality holds in any
measure space where each atom has measure at least 1. Accordingly, we consider the measure 7 on 2
defined by ©(x) = v(z)p~!. Then

112, = 2llf 55 < pIFI5 =P 2115, < a* 113,

This completes the proof of the n = 1 case.

The inductive step. Let fi,...,f; € L*(Q,v) be functions. Let x ~ []}"; "(4,v;). By the n = 1

case we have:
q
E lH f; Ey lIE
i=1

where j is 2 — i if n € T} for i > 3, and otherwise 0. The lemma now follows by applying the inductive
hypothesis on the functions x — ||(fi)(n—1)—x|| and using HH(fi)[n*HHXHQHZX = || ill2- O

H(fi)[nl]%x‘|

i=1

< Ex lH ||(fi)[nl]~>x||20—¥l‘| ,

i=1

Proof of Proposition 7.11. We wish to upper bound

by

2.

> E lli[le] iljlm—sf,

S1,...,84
We upper bound each term participating in the expansion of g? by the corresponding term in g9.
In the case the sets S; cover some element exactly once, Lemma 7.12 implies that both terms are
0. Otherwise, the sets S; cover each element either 0 times or at least 2 times; let T; be the set of
elements of Sy, ...,S, appearing in exactly ¢ of the sets (as in Lemma 7.13). By the assumption of the

proposition, we have E [T, xs,] > [T\, a?pjlm. The proof is concluded by combining this with the
upper bound on E [Hle gzsl] following from Lemma 7.13 with f; = g=%. O

Proof of Theorem 7.10. Let oj = /p;i/4(1 — p;/4). We choose x; to be the Zi-biased character, x; =

3”;71?"/4. Clearly y; has mean 0 and variance 1, and a direct computation shows that E [Xf } > (07)%77

for all integer 7 > 2, hence all of the conditions of Proposition 7.11 hold.
Denote o = [[;cg 0; and set h = T%f, g =T _1_h. By Proposition 7.11 and Theorem 7.7 we have

IT 45 f1I = llgllg Sllgllq<z )2~ Ds ]2

We note that by Parseval, the 2-norm of h and its derivatives are equal to the 2-norm of h and its
Laplacians, and thus the last sum is equal to

D (06 ILs[h]g < Z as)*~?|[Ls[f]lI3.

S
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In the last inequality we used oy > 27 5log and ||Lg[h]||¢ < 2795!||Lg[f]||3 (which follows from
Parseval). This completes the proof of the theorem. O

8. AN INVARIANCE PRINCIPLE (FOR GLOBAL FUNCTIONS)

Invariance (also known as Universality) is a fundamental paradigm in Probability, describing the
phenomenon that many random processes converge to a specific distribution that is the same for many
different instances of the process. The prototypical example is the Berry-Esseen Theorem, giving a
quantitative version of the Central Limit Theorem (see e.g. [47, Section 11.5]). More sophisticated
instances of the phenomenon that have been particularly influential on recent research in several areas
of Mathematics include the universality of Wigner’s semicircle law for random matrices (see [42]) and
of Schramm-Loewner evolution (SLE) e.g. in critical percolation (see [51]).

In the context of the cube, the Invariance Principle is a powerful tool developed by Mossel, O’Donnell
and Oleszkiewicz [46] while proving their ‘Majority is Stablest’ Theorem, which can be viewed as an
isoperimetric theorem for the noise operator. Roughly speaking, the result (in a more general form due
to Mossel [44]) is that ‘majority functions’ (characteristic functions of Hamming balls) minimise noise
sensitivity among functions that are ‘far from being dictators’. The Invariance Principle converts many
problems on the cube to equivalent problems in Gaussian Space; in particular, ‘Majority is Stablest’
is converted into an isoperimetric problem in Gaussian Space which was solved by a classical theorem
of Borell [11] (half-spaces are isoperimetric).

In the basic form (see [47, Section 11.6]) of the Invariance Principle, we consider a multilinear real-
valued polynomial f of degree < k and wish to compare f(x) to f(y), where  and y are random
vectors each having independent coordinates, according a smooth (to third order) test function ¢.
(Comparison of the cumulative distributions requires ¢ to be a step function, but this can be handled
by smooth approximation.) The version of [47, Remark 11.66] shows that if the coordinates x; have
mean 0, variance 1 and are suitably hypercontractive (satisfy ||a+ pbz;||3 < |la+bz;]|2 for any a,b € R),
and similarly for y;, then

(8.1) [E[(f ()] = Elo(f(@)]] < 316" lop™ > T(£)*>.
1€[n]

The hypercontractivity assumption applies e.g. if the coordinates are standard Gaussians or p-
biased bits (renormalised to have mean 0 and variance 1) with p bounded away from 0 or 1, but if
p = o(1) then we need p = o(1), in which case their theorem becomes ineffective. We will apply our
hypercontractivity inequality to obtain an invariance principle that is effective for small probabilities
and functions with small generalised influences. We adopt the following setup.

Setup 8.1. Let oy,...,0, >0, let X = (X4,...,X,) and Y = (Y1,...,Y,) be random vectors with
independent coordinates, where each X; and Y; are real-valued random variable with mean 0, variance
1, and satisfy || X;||3 < o; ! and ||Y;||3 < o; ' Let f € R[v] be a multilinear polynomial of degree d in
n variables v = (v1,...,v,). Let ¢ : R — R be smooth.

For S C [n] we write f(S) for the coefficient in f of vg = [Licgvi- We write Ws(f) =2 .95 f(J)?
and similarly to Section 7.1 we define the generalised influences by Is(f) = Ws(f) [L;cq0i 2,

We write T,[f] = g 21 (S)vs-
Now we state our invariance principle, which compares f(X) to f(Y).

Theorem 8.2. Under Setup 8.1, if Is[f] < € for each nonempty set S, then

E[6(f(X))] = Ele(F(Y))] < 2°6" |loc Wo (f) V.
The term Wy(f) can be replaced by either E[f(X)?] or E[f(Y)?] as they are all equal.

Theorem 8.2 can be informally interpreted as saying that if a multilinear, low degree polynomial f
is global, then the distribution of f(X) does not really depend on the distribution of X except for the
mean and variance of each coordinate.
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In particular, it implies that plugging in the p-biased characters into f results in a fairly similar
distribution to the one resulting from plugging in the uniform characters into f. A posteriori, this
may be seen as an intuitive explanation for Theorem 1.3, as the standard hypercontractivity theorem
holds in the uniform cube.

Next, we set up some notations and preliminary observations for the proof of Theorem 8.2. Through-
out we fix X, Y, f, and ¢ as in Setup 8.1. We write X = [[,.¢ X, and similarly for Y. Recall that

f=>g¢ f(S)vg is a (formal) multilinear polynomial in R[v] of degree d. Note that f(X) = g f(8)Xs
has E[f(X)?] = Y4 f(S)?, as EX% = 1 and E[XsXy] = 0 for S # T. The random variable
f(X) has the orthogonal decomposition f = ) ¢ =% with each f=% = f(S)Xg. Further note that
Lsf(X) = ZJ:SCJ f(J)X; so we have the identities

(N ] o? = ElLsf (X)) = ElLsf(Y)2 = S f()2=w5(f).
€S J:ScJ

We apply the replacement method as in Section 3 (and as in the proof of the original invariance
principle by Mossel, O’Donnell and Oleszkiewicz [46]). For 0 < ¢ < n, define Z** = (Z{,...,Z) =
(Y1, ... Y¢, X441, ..., Xp,), and note that f(Z*) has the orthogonal decomposition f(Z*) = > ¢ f(Z*)=5
with

F(Z75 = [(S)Zs = f(S)Y sniyXss\[1-

Proof of Theorem 8.2. We adapt the exposition in [47, Section 11.6]. As Z¥ = X and Z" = Y we
have by telescoping and the triangle inequality

[Elp(f(X)] - NI < ZIE F(Z* )] = Elo(£(Z")]].

Consider any ¢ € [n] and write
f(ZY =U, + AY, and f(Z?) =U; + A;X;, where

Uy =B f(Z71) =B f(Z") and A, =D f(Z'1) = Dy f(Z7).

Both of the functions U; and A; are independent of the random variables X; and Y;.
By Taylor’s Theorem,

S(F(Z')) = 6(U) + &' (U)AY + 16" (U (AY ) + 16" (A)(AY1)?,  and
O(f(Z1) = ¢(Up) + ¢ (Un) ArXy + 30" (Up) (A Xy)? + 26" (A) (A XL)?,

for some random variables A and A’. As X; and Y; have mean 0 and variance 1 we have 0 =
El¢' (Us)Ar Y] = E[¢/(Ur) AsX;] and E[¢” (Ur)(Ar)?] = E[¢" (Up)(ArY+)?] = E[¢” (U) (A X:)?], s0

E[p(f(Z'~)] = Elp(f(Z)]] < 516" oo EIAX ] + E[lAZe ) < 5116 ooy 1A

The function A; is the function D.[f] applied on random variables satisfying the hypothesis of
Lemma 7.9. Moreover, Ig[Dy[f]] is either 0 when ¢ € S, or o7Lsyy[f] when ¢ ¢ S, in which case
Is[f] < oZe. Hence, by Lemma 7.9 (with ¢ = 3), we obtain

1AL < 6o Ve| All3 = 6*2ou /e Y f(S)?
S>t

Hence,

D 516" oo A < 6*2Veg ¢ oo Y ISIF(S)? < 6V/eg 116" o Wa(f)-

t=0 S

This completes the proof of the theorem since 64'5‘{% < 2124, g
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8.1. Applications of hypercontractivity. We now list some corollaries of the invariance principle.
Following O’Donnell [47, Chapter 11] one can easily obtain the following variant of the ‘majority is
stablest’ theorem of Mossel, O’Donnell and Oleszkiewicz [46] (see also [44]).

The p-biased a-Hamming ball on {0,1}" is the function H, whose value is 1 on an input z if and
only if  has at least ¢ coordinates equal to 1, and ¢ is chosen so that u,(H,) is as close to « as possible.

Corollary 8.3. For each € > 0, there exists 6 > 0, such that the following holds. Let p € (e,1—¢), let
n>8"1, and let f,g € L*({0,1}", ,). Suppose that Is[f] < 6 and that Is[g] < & for each set S of at
most 8% coordinates. Then

(Tuf,9) < (TpH,u,(p)s Hyyg)) + €.

The proof goes along the same lines of [44], and we omit it.

As an additional application, one can obtain the following sharp threshold result for almost mono-
tone Boolean functions. This statement asserts that any such function which is global has a sharp
threshold. Let us remark that we have already established such a result in the sparse regime (see
Section 6). On the other hand, the version below applies in the dense regime.

With notation as in Section 6, we say that f is (d,p, ¢)-almost monotone if p < ¢ € (0,1) and
choosing x,y ~ D(p, q) gives Pr[f(y) = 0, f(x) = 1] < §. We say that f has an e-coarse threshold in
an interval [p, q] if pp(f) > € and py(f) <1 —e.

Corollary 8.4. For each € > 0, there exists 6 > 0, such that the following holds. Let p < q < %, and
suppose that ¢ > (14 €)p. Let f be a (6, p,q)-almost monotone Boolean function having an e-coarse
threshold in an interval [p,q]. Then there exists a set S of size at most %, such that I[f] > 6 either

with respect to the p-biased measure or with respect to the q-biased measure.
The proof is similar to the one given by Lifshitz [39], so we only sketch it.

Proof sketch. First we observe that Corollary 8.3 extends to the one sided noise operator. Let f; = f
be the function viewed as a function on the p-biased cube, and let fo = f be the function viewed as a
function on the ¢-biased cube. So assuming for contradiction that Ig[f] < § for each S, we obtain an
upper bound on (TP~ fy, fa),,, of the form (TP7IH, (r), H . (),
However, the (J, p, ¢)-almost monotonicity of f implies the lower bound (TP79f1, fa),.) > pp(f)—6.
Standard estimates on (TpﬁqHMp(f),HMq(f))uq show that the lower bound and the upper bound
cannot coexist provided that ¢ is sufficiently small (see [39]). O

9. CONCLUDING REMARKS

We are optimistic that our sharp threshold result in the sparse regime will have many applications
in the same vein as the applications of the classical sharp threshold results, e.g. to Percolation [6],
Complexity Theory [20], Coding Theory [38], and Ramsey Theory [21].

In particular, it may be possible to estimate the location of thresholds in the spirit of the Kahn-
Kalai conjecture [28, Conjecture 2.1] that the threshold probability p.(H) for finding some graph H
in G(n, p) should be within a log factor of its ‘expectation threshold’ pg(H) (the probability at which
every subgraph H' of H we expect at least one copy of H'). This question is interesting when |V (H)]
depends on n, e.g. if H is a bounded degree spanning tree it predicts p.(H) = O(n~!logn), which was
a longstanding open problem, recently resolved by Montgomery [43].

To obtain similar results from our sharp threshold theorem (Theorem 1.6), one needs to show that
the property of containing H is not ‘local’: writing p, = P(H C G(n,p)), this means that if we plant

any set E of O(log ") edges we still have P(H C G(n,p) | E C G(n,p)) < ﬂg(l). An open problem
is to apply this approach to estimate other thresholds that are currently unknown, e.g. the threshold
for containing any given H of maximum degree A.

Our variant of the Kahn-Kalai conjecture on isoperimetric stability is only effective in the p-biased
setting for small p, whereas the corresponding known results [35, 33] for the uniform measure are
substantial weaker. This leaves our current state of knowledge in a rather peculiar state, as in many
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related problems the small p case seems harder than the uniform case! A natural open problem is give
a unified approach extending both results for all p.

Our final open problem is to obtain a generalisation of Hatami’s Theorem to the sparse regime, i.e. to
obtain a density increase from i, (f) = 0 (1) to pq (f) > 1 —e under some pseudorandomness condition
on f; we expect that a such result would have profound consequences in Extremal Combinatorics.
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